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Abstract. A free semigroup algebra S is the weak-operator-closed (non-self- 
adjoint) operator algebra generated by n isometries with pairwise orthogonal 
ranges. A unit vector x is said to be wandering for <S if the set of images of x 
under non-commuting words in the generators of S is orthonormal. 

We establish the following dichotomy: either a free semigroup algebra has 
a wandering vector, or it is a von Neumann algebra. Consequences include 
that every free semigroup algebra is reflexive, and that certain free semigroup 
algebras are hyper-reflexive with a very small hyper- refiexivity constant. 



1. Introduction 

A free semigroup algebra S is the weak-operator-closed (non-self-adjoint) algebra 
generated by n isometries Si,...,Sn on a Hilbert space H which have pairwise 
orthogonal ranges, or equivalently, which satisfy 



s:s, = 



I ifi = j, 
otherwise. 



Although n can be finite or infinite, for notational convenience we treat n as finite 
and make note of any issues that arise. We say that S — [Si ... Sn] is a row 
isometry, since S is isometric as a row operator from to H. 

Row isometries arise throughout operator theory. A theorem of Frazho, Bunce, 
and Popescu shows that n operators Ai, ...,A„ which satisfy X) ^fc^fe — ^ can be 
dilated to a row isometry 5 = [S*! ... Sn] such that 



Sk 



Ak 



This is a non-commutative multivariable analogue of the Sz.-Nagy dilation theorem. 

Popescu [19J showed that the norm-closed algebra generated by any row isometry 
of size n is completely isometrically isomorphic to the non- commutative disk algebra 
An, and it is well known that the C*-algebra generated by a row isometry of size n 
is isomorphic to the Cuntz algebra On if J2 ^fc^fc = ^nd otherwise is isomorphic 
to the Cuntz- Toeplitz algebra £„. By contrast, the weak-operator-closed algebras 
generated by distinct row isometries can be dramatically different (see for example 

m)- 

In some sense then, it is natural to study row isometries by looking at the free 
semigroup algebras they generate. This idea, and with it the definition of a free 
semigroup algebra, was introduced by Davidson and Pitts [12] ■ They observed that 
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free semigroup algebras often contain interesting information about the unitary 
invariants of their generators. 

The prototypical example of a free semigroup algebra is the non- commutative 
analytic Toeplitz algebra generated by the left regular representation of the free 
semigroup on n letters. This algebra, which we denote by £„, was first studied by 
Popescu [18] in the context of non-commutative multivariable dilation theory. 

For n = 1, £„ is the familiar algebra of analytic Toeplitz operators, which is 
singly generated by the unilateral shift. For n > 2, £„ is no longer commutative, 
but it turns out that a number of classical results about the analytic Toeplitz 
operators have straightforward generalizations to this setting. This is a large part 
of the motivation for the name "non-commutative analytic Toeplitz algebra." 

The role of £„ is of central importance in the general theory of free semigroup 
algebras, and it turns out to be desirable to isolate "£„-like" behavior. A free 
semigroup algebra is said to be of type L if it is algebraically isomorphic to £„. 
It is important to emphasize the word "algebraically" here. Examples have been 
constructed (see for example [lO]) of free semigroup algebras which are of type 
L, and so behave algebraically like £„, but which have a very different spatial 
structure. 

The general structure theorem for free semigroup algebras [10] shows that every 
free semigroup algebra can be decomposed into 2x2 block-lower-triangular form, 
where the left column is a slice of a von Neumann algebra, and the bottom-right 
entry is a type L free semigroup algebra. It is well known (see for example [22j) 
that the weak-operator-closed algebra generated by a single isometry can be self- 
adjoint. Davidson, KatsouHs, and Pitts [TO^ asked whether it was possible for a free 
semigroup algebra on 2 or more generators to be self-adjoint, and some time later 
Read [21] (see also [9]) answered in the affirmative by showing that S(7i) was a free 
semigroup algebra. 

A notion of fundamental importance is that of a wandering vector. A unit 
vector X is said to be wandering for a free semigroup algebra S if the set of images 
of X under non-commuting words in the generators of S forms an orthonormal set. 
It is known (see for example |.12J ) that the spatial structure of £„ is completely 
determined by the existence of a large number of wandering vectors. 

It is easy to see that the restriction of any free semigroup algebra to the cyclic 
subspace generated by a wandering vector is unitarily equivalent to £„, and so in 
particular is of type L. It has been an open question for some time, however, whether 
every type L free semigroup algebra necessarily has a wandering vector. It turns 
out that this question is equivalent to the question of whether every free semigroup 
algebra is reflexive. This can be shown using the general structure theorem for free 
semigroup algebras: since every von Neumann algebra is reflexive, the reflexivity 
of a free semigroup algebra depends on the reflexivity of its type L part. 

The purpose of this paper is to prove that every type L free semigroup algebra 
has wandering vectors, and hence to prove that every free semigroup algebra is 
reflexive. 

Our approach is very much in the spirit of the "dual algebra arguments" which 
have been used with great success by Bercovici, Foias, Pearcy and many others (see 
for example |5J), and which are based on Brown's proof of the existence of invariant 
subspaces for subnormal operators [^ . The fundamental idea at the heart of these 
arguments is that it is often possible to prove the existence of invariant subspaces 
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for a weak*-closed operator algebra by showing that, in an appropriate sense, the 
predual of the algebra is small. 

Typically, these arguments are employed in a commutative setting, where certain 
spectral and function-theoretic tools are available. In the present non-commutative 
context, we rely instead on various operator-theoretic techniques. 

A clue that it might be possible to attack the present problem using dual algebra 
techniques came from a recent paper of Bercovici [4J, who used them to establish the 
hyper-reflexivity of a class of algebras which includes the non-commutative analytic 
Toeplitz algebra on two or more generators. The hyper-reflexivity of this algebra 
had already been shown by Davidson and Pitts [12], with an upper bound of 51 on 
the hyper-reflexivity constant, but Bercovici's approach yielded a surprisingly low 
upper bound of 3. 

Motivated by Bercovici's result, once we have shown that every type L free 
semigroup algebra has a wandering vector, we go further and show that every type 
L free semigroup algebra on two or more generators is hyper-reflexive with hyper- 
reflexivity constant at most 3. 



Let F+ denote the free semigroup in n non-commuting letters {1, n}, including 
the empty word 0. For a word w in F+, let \w\ denote its length, and let denote 
the set of all words in F+ of length at most k. 

Let JF„ denote the "Fock" space JF„ = ^^(F+) with orthonormal basis {^u, : w G 
F+} consisting of words in F+. For each w in F+, deflne an isometry L„ by 



The map v ^ Ly gives a representation of F+, called the left regular representation. 

The isometries Li, L„ have pairwise orthogonal ranges. The free semigroup al- 
gebra they generate, denoted by £„, is called the non- commutative analytic Toeplitz 
algebra. For n = 1, £„ is the classical analytic Toeplitz algebra, but for n > 2, £„ 
is no longer commutative. 

We require a result for £„ which generalizes a classical result about the analytic 
Toeplitz operators. An element in £„ is said to be inner if it is an isometry, and 
outer if it has dense range. It was shown in [12] that an arbitrary element A in C„ 
can be written as ^ = BC, where B is inner and C is outer. This generalizes the 
classical inner-outer factorization for elements in the analytic Toeplitz algebra. 

Every element A in £„ is completely determined by its Fourier series 



2. Preliminaries 



,w — 



w e f: 




which is a formal power series with coeflicients in £„, where 




For fc > 1, deflne the k-th Cesaro sum of the Fourier series of A by 



\w\<k 

Then the sequence TkiA) is strongly convergent to A. 
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By symmetry, for each v in F+ we can define an isometry Ry by 

and the map v ^ Ry gives an anti-representation (i.e. a multiplication revers- 
ing representation) of F+, called the right regular representation. The isometries 
Rn also have orthogonal ranges, and the free semigroup algebra they gener- 
ate, denoted by 7?.„, is unitarily equivalent to £„. It was shown in [l2| that TZn is 
the commutant of . 

A free semigroup algebra S is said to be of type L if it is algebraically isomorphic 
to £„. It was shown in [lOj that if 5 is of type L, then there is a completely isometric 
isomorphism $ from £„ to S which takes the generators of £„ to the generators of 
S. Moreover, $ is a weak*-to-weak* homeomorphism, and the inverse map <i>~^ is 
the dual of an isometric isomorphism (j) from the predual of £„ to the predual of S. 

For a free semigroup algebra S, let Sq denote the weak-operator-closed ideal 
generated by 5*1, ...,S'„. Then either So — S, or S/Sq = C. In the latter case, the 
general structure theorem for free semigroup algebras [10] implies that S has a type 
L part. If So = S, then 5 is a von Neumann algebra. 

The set of weak*-continuous linear functional on B{H), i.e. the predual, can be 
identified with the set of trace class operators C^(H), where K in C^{H) corresponds 
to the linear functional 

T^tr(rA'), TeB{n). 

With this identification, the set of weak-operator-continuous Hnear functional on 
B{H) corresponds to the set of finite rank operators. The predual of a weak*-closed 
subspace S of B{'H) can be identified with the quotient space C^{T-l)/-^S, where 
^S denotes the set of elements in C^(7i) which annihilate S, i.e. the preannihilator. 

It was shown in [T^ that the weak* topology and the weak operator topology co- 
incide on Cn ■ This means that the coset of every weak*-continuous linear functional 
on Cn contains an element of finite rank. 

Let 5 be a free semigroup algebra on a Hilbert space H.. A unit vector a; in is 
said to be wandering for S if the set {S^x : w G F+} is orthonormal. The following 
theorem from [10] is integral to our results. 

Theorem 2.1. Let S be a type L free semigroup algebra. Then for some m > 1, 
the ampliation S^"^^ has a wandering vector. 

Suppose that 5 is a type L free semigroup algebra, and let ttq be the weak- 
operator-continuous linear functional on S such that ttq annihilates Sq and 7ro(/) = 
1. Then the coset in C^{H) corresponding to ttq contains an operator of finite rank, 
say m > 1. This m corresponds to the m in the statement of Theorem 12.11 Since 
the restriction of 5^™-' to the cyclic subspace generated by a wandering vector is 
unitarily equivalent to £„ , it follows that the weak* topology and the weak operator 
topology agree on S. 

A subspace S of B{H) is said to be reflexive if S contains every operator T in 
B{H) with the property that Tx belongs to S[x] for every x in Tl. This definition 
of refiexivity was introduced by Loginov and Shulman p6] . 

The notion of hyper-refiexivity, which was introduced by Arveson [1] , is a quan- 
titative analogue of refiexivity. Let denote the distance seminorm 



ds{T)=M{\\T-A\\:AeS}, T e B{n), 
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and define another seminorm rg by 



rs{T) = sup{|(rx,y)| : ||y|| < 1 and {Ax,y) = for all AeS}, Te B{n). 



Then the reflexivity of S is equivalent to the condition that ds{T) = if and only 
if rs{T)^0. 

The equality rs(T) < ds{T) always holds. We say that S is hyper-reflexive if 
there is a constant C > such that ds{T) < Crs{T) for all T in B{Ti). The 
smallest such C is called the hyper-reflexivity constant of S. Of course, hyper- 
reflexivity implies reflexivity. 

Davidson [8j showed that the analytic Toeplitz algebra is hyper-reflexive with 
hyper-reflexivity constant at most 19. Davidson and Pitts [12] showed that for 
rt > 2, is hyper-reflexive with hyper-reflexivity constant at most 51. This was 
later improved by Bercovici |4j, who showed that this hyper-reflexivity constant is 
at most 3. 



The Toeplitz operators are precisely the operators T in B{£'^{N)) which satisfy 
S*TS = T, where S is the unilateral shift. This motivates the following deflnition, 
which was introduced by Popescu [17]. 

Definition 3.1. Let S=[S'i ... Sn] be a row isometry. We say that T is an S*- 
Toeplitz operator if 



and we let Ts denote the set of all 5- Toeplitz operators. 

If an 5- Toeplitz operator T is strictly positive, then by Theorem 4.3 of [17], it 
can be factored as T = A* A, for some A in the commutant of the free semigroup 
algebra generated by S. 

Deflne row isometrics L and R hy L = [Li ... Ln] and R = [Ri ... The 
size, n, will always be clear from the context. In this section we will establish some 
properties of the set Tr of i?- Toeplitz operators which we will need later. Note 
that since is unitarily equivalent to TZn, the set Tr of i?- Toeplitz operators is 
unitarily equivalent to the set Tl of L-Toeplitz operators. This means that any 
properties of Tr will correspond in an obvious way to properties of Tj, . 

The following Lemma is implied by Corollary 1.3 of [20]. Here we give a short 
direct proof. 

Lemma 3.2. The set Tr of R-Toeplitz operators is precisely the weak* closure of 
the operator system + Cn. 

Proof. It is clear that the weak* closure of £* -I- £„ is contained in Tr, since 



Suppose then that T belongs to Tr. It's clear that T* also belongs to Tr, and hence 
that the real and imaginary parts of T belong to Tr. Since the scalar operators 
also belong to Tr,, it follows that we can write T as a flnite linear combination of 
strictly positive operators in Tr. Hence we may suppose that T is strictly positive. 



3. The Non-commutative Toeplitz Operators 





if i = j, 



otherwise. 
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By Theorem 4.3 of [17], we can write T = A* A for some A in £„. Note that 
A*Vk{A) belongs to £„ + £* for /c > 1, where Tk{A) denotes the A:-th Cesaro sum 
of the Fourier series for A. The sequence V}:(A) is weak*-convergent to A, so it 
follows that A*Ty;{A) is weak*-convergent to A* A = T, and hence that T belongs 
to the weak* closure of £„ + -C* . □ 

Note that based on the definition of the set 7r of i?-Toeplitz operators, Lemma 
impHes that the weak* closure of £* +£„ is closed in the weak operator topology. 



Lemma 3.3. For n > 2, every R-Toeplitz operator T can be factored as T — B*C 
for some B and C in £„. Moreover, B and C can he taken to he hounded helow. 

Proof. As in the proof of Lemma [321 '^e can write T as a finite linear combination 
of strictly positive i?-Toeplitz operators, say T — CjTi for some ci, Cm in C 

and strictly positive Ti, ...^Tm in Tr. By Theorem 4.3 of [17], we can factor each 
Ti as Ti = A*Ai for some Ai in £„. Set B = YT=i Lv2A and C = I]™ i CiLl^2Ai. 
Then B and C both belong to £„ and T = B*C. 

To see that B and C can be taken to be bounded below, take B' — B + Lim+12 
and C = C + Lim+22. Then B' and C" both belong to £„. Since the isometries 
L12, Lim+22 have pairwise orthogonal ranges, B' and C are bounded below, and 
T^{B')*C'. □ 



Lemma 13.31 provides another characterization of the i?-Toeplitz operators for 
n > 2. 

Corollary 3.4. For n >2, the set Tr of R-Toeplitz operators is precisely C^Cn — 
{B*C : B,CeCn}. 

Popescu |2QJ showed that every i?-Toeplitz operator T has a Fourier series 

T ^ ^ ^ o-wLw + ^ ^ hwL^, 
we¥t iueF+\{0} 

which is a formal power series with coefficients in £„ and £*. This completely 
determines T in the sense that for every word u in F+, 

u)eF+ iueF+\{0} 

Let 5 be a type L free semigroup algebra. We know that the canonical map from 
Cn to 5 is a complete isometry and a weak*-to-weak* homeomorphism. Our goal 
for the remainder of this section is to show that this map extends in a natural way 
to a map from the weak* closure of £„ + (i.e. from the set Tr of i?-Toeplitz 
operators) to the weak* closure of 5 + 5*, and that this extension is also a complete 
isometry and a weak*-to-weak* homeomorphism. 

Lemma 3.5. Let S he a type L free semigroup algehra with n > 2 generators , 
and let $ he the canonical map from £„ to S. Then maps isometries in S to 
isometries in Cn ■ 

Proof. By Theorem 12. H iS'™^ has a wandering vector w for some to, and the re- 
striction of to [w] is unitarily equivalent to £„. The map $ ^ from S to 
jCn is given by taking S to S^'^^ , restricting to iS^'"-'[w], and applying this equiv- 
alence. If G is an isometry in S, then G^™^ is an isometry in iS^'"^ and so clearly 
the restriction of G*^™-* to 5^™^ [w] is an isometry. □ 
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Theorem 3.6. Let S be a type L free semigroup algebra with n >2 generators on 
a Hilbert space TL. Then the canonical map $ from £„ to S extends to a completely 
isometric weak* -to-weak* homeomorphism from the weak* closure of Cn + to 
the weak* closure of S + S* . 

Proof. Applying Arveson's extension theorem [2] gives a completely positive map 
^ from C*(£„) to B{H) which extends Since ^ extends we have ||*|| = 
= = 1. Let Z = {Ae C*{Cn) : = ^{A*A)}. By [7|, we 

have 

Z^{Ag C*{£n) ■■ ^{B)^{A) = ^{BA) for all B in C* (£„)}. 

By Theorem 4.1 of [1^, <& maps isometries in to isometries in S, so every 
isometry in £„ belongs to Z. Since, by Theorem 4.5 of |10j . every element in £„ 
can be written as a finite linear combination of isometries in £„ , this impHes that 
Z contains all of £„. Hence for A in £„, ^(TA) = 4'(r)«'(A) for all T in C*{Cn). 
Note that by Corollary 13.41 C*(£„) contains Tr. For the remainder of the proof, 
we restrict 4" to Tr. 

Let T be a self-adjoint element in Tr such that ^'(T) — 0. For sufficiently 
large A > 0, T + A/ is strictly positive, so by Theorem 4.3 of jl^, we can write 
T + XI = B*B for some B in £„. Let V = X~^'^B. Then 

^{V)*^{V)-I = ^{V*V-I) 

= ^{\-^B*B - I) 
= ^{X-\T + XI)-I) 

= 0, 

which shows that ^{V) is an isometry in S. By Lemma [331 this implies that V is 
an isometry in £„. Hence 

T = X{V*V - I) =0. 
Since, for arbitrary T in Tr, re(r) and im(T) are self-adjoint, and since 
5f(r) = *(re(T) + im(T)) = re(«'(T)) + im(^'(r)) ^ 

if and only if ip{re{T)) = and ■0(im(T)) = 0, it follows that 4' is injective. 

Arguing exactly as above, the canonical map <I>~^ from S to £„ also has a 
completely positive extension from C*{S) to B{J^n), and for G in S, n{HG) = 
n{H)n{G) for all H in C*{S). Since il extends we have \\n\\ = \\n{I)\\ = 

\\^^^{^)\\ — 1- For the remainder of the proof we restrict f2 to the intersection of 
C*{S) and the range of 4". 

Note that the range of 5" is contained in the weak* closure of 5 + S* . Indeed, 
by Lemma 13.41 every element in the range of 5" can be written as ^(i?*C) — 
^{B*)^{C) = ^{B)*^C) for some B and C in £„. The sequence TkiC) is 
weak operator convergent to C, so by the weak operator continuity of <&, the se- 
quence $(rfc(C)) is weak operator convergent to $(C), and hence the sequence 
<I>(_B)*$(rfc(C)) is weak operator convergent to ^{B)*^{C), which implies that 
<i>(B)*$(C) is contained in the weak* closure oi S + S* . 

We claim that 17(*(T)) = T for all T in Tr. Indeed, apply Lemma[331to write 
T = B*C for some B and C in £„, and let G = and H = $(C). Then we 
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have 



$(B)*$(C) 
G*H, 



which gives 



mm) 



n{G*H) 

($-i(G))*$-i(ii-) 
B*C 



T. 



Then 



T\\ 



\\m{T))\\ 
\\^{T)\\ 



< 1, 



which gives 



||T|| < ||vI'(T)|| < ||T| 



and shows that 5" maps Tr isometrically onto its range. 

We now show that ^ is weak*-to-weak* continuous. Since the predual of Tr is 
separable, by an appUcation of the Krein-Smulian theorem it suffices to show that 
if Tn is a sequence in Tr which is weak*-convergent to zero, then \E'(T„) is weak* 
convergent to zero. 

Let A = {A © ^{A) : A e Cn}, and note that A is the free semigroup algebra 
generated by the isometries Li © 5*1, L„ © 5„. Fix u in H. By Theorem 1.6 of 
[To] , there exists a vector x in such that the restriction of ^ to W = A[x © u] 
is unitarily equivalent to £„. Letting P denote the projection oi (BH onto W, 
and letting /C denote the weak* closure of the restriction of P{A + A*)P to W, it 
follows that /C is unitarily equivalent to Tr. By Lemma [3741 every element of /C can 
be written as the restriction to W of an element of the form 



Hence K. is the restriction to W oi {T ® ip{T) : T e Tr}. 

If Tn is weak* convergent to zero in Tr, the unitary equivalence between Tr and 
JC implies the restriction of the sequence T„ © 5'(T„) to W is weak*-convergent to 
zero in JC. Hence 



and since {TnX,x) 0, this implies that (5'(T„)u, u) 0. Since u was chosen 
arbitrarily, we deduce that (4'(T„)u, u) for all u in 7i. By the polarization 
identity, we get that ^'(T„) is weak operator convergent to zero. By the uniform 
boundedness principle, the sequence 4'(r„) is bounded. It follows that 5'(T„) is 
weak* convergent to zero. We therefore conclude that ^ is weak* continuous. 

It now follows by another application of the Krein-Smulian theorem that ^' has 
weak* closed range, and that ^' is a weak*-to-weak* homeomorphism onto its range. 
But it's clear that the range of ^' is weak* dense in the weak* closure oi S + S* , so 
^ maps Tr weak*-to-weak* homeomorphically onto the weak* closure of 5 + 5* . 
From above, 5* is a completely positive isometry, with completely positive inverse 
Q.. Hence ^' is completely isometric. □ 



P{B* © $(B)*)(C © $(C))P = P{B*C © ■^{B*C))P. 



((T„©*(T„))(x©w),a;©u) = {TnX.x) + {■^{Tn)u,u) 
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4. Wandering Vectors 

Let 5 be a weak*-closed subspace of B{TL), and let x and y be vectors in Ti. 
Then [x ® y\s denotes the weak-operator-continuous Hnear functional on S which 
is given by the coset of the rank one tensor x ® y. In other words, 

{A,[x®y]s)^{Ax,y), AeS. 

Definition 4.1. A weak*-closed subspace S ofB{H) is said to have property Ai(l) 
if, for every weak*-continuous linear functional tt on 5 and every e > 0, there are 
vectors x and y in H with |ia;||||2/|| < (1 + e)||7r|| such that Tr{A) — {Ax,y) for all A 
in S. 

It was shown in [12] that £„ has property Ai(l). A result of Bercovici [3] implies 
that a singly generated type L free semigroup algebra has property Ai(l). In this 
section, we will use dual algebra techniques to show that every type L free semigroup 
algebra with n > 2 generators has property Ai(l). From this result, it will follow 
easily that every type L free semigroup algebra has a wandering vector. 

For the remainder of this section we fix a type L free semigroup algebra S with 
n> 2 generators acting on a Hilbert space Ti. The general outHne of our approach 
is as follows. Let tt be a weak*-continuous linear functional on S. We will show 
that we can construct convergent sequences (xk) and (t/fe) such that 

lim IItt - [xk «) yk]s\\ = 0. 

k — >-OQ 

This will then give tt = [x y]s, where x — lim^ Xk and y — lim^ yk. 

The following idea will allow us to iteratively construct the sequences (xk) and 
(yk)- Fix Xk and yk- Suppose we can find vectors x' and y' such that 

(1) [x' (g) y']s approximates the error n — [xk yk]s arbitrarily closely, 

(2) \\[xk ® y']s\\ and ||[a;' (g yfe]s|| are arbitrarily small, 

(3) ||x'|| and ||y'|| are arbitrarily close to ||7r — [xk <8) yfc]s||- 

Set Xk+i = Xk + x' and yk+i = yk + y' ■ Then 

IItt - [xk+i ® yk+i]s\\ < Ik - ® yk]s - W ® y']s\\ + II [a;' ® yk]s\\ + \\[xk ® y'lsll, 

so [xk+1 ®yk+i\s is an arbitrarily good approximation to tt, and the sequences {xk) 
and [yk) can be made Cauchy. Of course, the main difficulty will be in showing 
that it is possible to find x' and y' as above. 

Definition 4.2. An operator X : Tn — ^ is said to intertwine Cn and S if 
XLi = SiX for 1 < i < n. 

Let X = (xi, Xm) be a wandering vector for 5^™^. We know that the restriction 
of iS'™^ to 5*^™^ [a;] is unitarily equivalent to £„. Let X : Tn Ti. denote the map 
which follows this equivalence with the projection onto the first coordinate. Then 
X intertwines £„ and S. It was shown in [Tl] that every vector in Ti. is in the range 
of some intertwining operator of this form. 

The following result shows that every intertwining operator gives rise to an L- 
Toeplitz operator. This allows us to use the results of section [3] to work with 
intertwining operators. 

Lemma 4.3. Suppose X : Tn Ti- intertwines Cn and S. Then X*X is an 
L-Toeplitz operator. 
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Proof. This follows immediately from the identity 



L*X*XLj = X*S*SjX 



X*X if i = j, 
otherwise. 



We require several technical results about i-Toeplitz operators. 
Lemma 4.4. Let T be an L-ToepUtz operator with Fourier series 



Then for any word u in F+, 



Proof. We have 



wert\{i2} 



< 



wevt\{0} 



w 

w=w'u 

wert\{s3} 



<'eF+\{0} 



Lemma 4.5. Let T he an L-Toeplitz operator with Fourier series 
T awRw + bwRw- 

we¥t w(E¥t\{0} 

Then given p> 1 and e > 0, there is a word v in F+ such that 

WRlTR^Cu - a0^u\\ < e 

for any word u G F^^ . 

Proof. For fc > 1, let Vk be the word Vk — 12'''. Then for any word w in F+, 

'I 



if w = 0, 
Rvkw' iiw = w'vk for w' e F+, 
_ otherwise. 

This impHes the Fourier series for R*^TRy^ is given by 

Rvk'^^Vk C'0l + dwRvkw' + bwRl, 

wev+\{0} wev+\{0} 



Rvk^wRvu 



□ 



□ 



W='W Vk 



W='W Vk 
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Hence for u in 



This gives 



i'eF+\{0} 

Ul — -(1! Vfc 



i;eF+\{0} 

W — W Vk 



E 

u;GF+\{0} 



10 — tu't;;; 



< 



w—w'vk 



< 



i!6Fi\{0} 



W — W Vk 

where the last inequality follows from Lemma 1131 Now 

2 



iiieF+\{0} 



u)GF+\{0} 



iiieF+\{0} 



and similarly, 



'ii)GF'+\{0} 



^ \b^f^\\R:T*^0f, 



w£¥+\{0} 
w—w'vk 



Hence the result follows from the fact that for all ^ in Tn, \\Rt,^\\ ^ as \v\ — > 
oo. □ 

Recall that cj) : (£„)* ^ 5* is the predual of the map : 5 ^ £„. 

Lemma 4.6. iei X : Tn ^ H be an intertwining operator, and let x — X(_0. 
Then given p > 1 and e > 0, there exists a word v in F+ such that 

\\[SuiyX (g) Su2vx]s ~ WxW^Hi^ui '^£.u2]cj\\ < e 
for all words ui and U2 in F^. 

Proof. By scaling X if necessary, we can suppose that ||a;|| = 1. Let T — X*X. 
Then T is an L-Toeplitz operator by Lemma [4.31 Writing the Fourier series for T 
as 

T~ ^ awRw + ^ bwR^, 
weft ™eF+\{o} 
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it follows that = ||x|| — 1. Hence by Lemma l4?5l there exists a word v in 
such that \\R*TRy^u2 — C112II < ^ for any word 1*2 in F^. Then for A in S, 

= (X$ ^{A)Luiv£,0,XLu2v£,0) 
= {X^-\A)Ry^u,,XRy^u2) 

for all words ui and U2 in Ffj. This gives 

\{A,[Su,vX<»Su2vX]s-[^U,<»S.U2]cJ\ = \{^-HMu,,RlTR„^u2~^U2)\ 

< \\'i>-\A)U\\\\R:TRvU~C 



U2 I 



< 4M 



Therefore, 



\\[SuivX <^ Su2vX]s - «'Cn2]£„)ll < e- □ 

Lemma 4.7. Lei M > 2 be minimal such that 5*^^^-' /las a wandering vector w — 
{wi, ...,wm)- Then given e € (0,1) there exists a unit vector x — {xi, ...,xm) in 
such that xi — for some intertwining operator X : JF„ TC, and 

\\xi\\ > 1 - e. 

Proof. Let P denote the projection map from [w] to 

X = {xi, ...,xm) to {x2, ■■■,xm)- Then P intertwines the restriction of 5*^*^' to 
and 5*-*^"^^ The restriction of ^^^^-^ to 5*^*^^[l(J] is unitarily equivalent to 
Cn- Let [/ be a unitary implementing this equivalence. Then setting Y — PU, Y 
intertwines £„ and S'(*^-i). Suppose that for all x in ^(^^[wJ], < (1 - t)\\x\\. 
Then 

M M 



which gives 



/ ^ 1 1 ■^11 1 — v-^ >-y ii'-^ii I / ^ 
i=l 2=2 

mM 



E 



|2>(l„(l_,)2)||5,||2^ 
i=2 

implying that P is bounded below, and hence that Y is bounded below. By [HI 
Theorem 2.8], this implies that the range of F is a wandering subspace for S'^'^~^\ 
contradicting the minimality of M . Hence there must be some unit vector x in 
such that ||cci|| > 1 - e. 
Let Q denote the projection map from 5*^*^^ [w] to Ti. which takes y — (yi, yu) 
to Iji, and let Z = QU. Note that xi is contained in the range of Z. For every R 
in TZn, the operator ZR intertwines £„ and S. Moreover, since the set of vectors 
{R^0 : R G TZn} is dense in JF„, the set {ZR^0 : R G TZn} is dense in the closure 
of the range of Z. It follows that we can choose the vector x as above such that 
xi = X^s2 for some intertwining operator X : Tn ^ Ti-- □ 

Let M > 1 be minimal such that the ampHation 5*^^^^ has a wandering vector x. 
Such M exists by Theorem 12.11 Then Ti^*^) contains an infinite family of pairwise 
orthogonal subspaces Wfe, for fc > 1, which are wandering for S^^\ For example. 
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we can take Wk = 5'™) [S'l^^x], where Vk = 12'=. For fc > 1, let Mk denote the 
hnear manifold in Ti. given by 

Mk — {z e H : z ~ for some z = (zi, ...,Jm) in Wk}- 

Let W denote the algebraic span of the Wk, and let M denote the algebraic span 
of the Mk- 

Lemma 4.8. Given hi, hq in M and e > 0, there exists a unit vector y in M 
such that y — Y^0 for some intertwining operator Y : Tn ^ Ti., and such that 
II [SuV ® hj\s\\ < e and \\ [hj (g) 5„j/]5|| < e for any word u G F+ and I < j < q. 



-U) 



Proof For each j, there exists h'"" — {hi \ h'^^J) in W such that hj — h^ 
Choose eo € (0, 1) such that eo/(l — co) < e and eo/||/i^-''|| < 1 for 1 < j < q, and 
choose r sufficiently large that h is orthogonal to Wr for 1 < j < q. 

By Lemma 14.71 there exists a unit vector x — {xi, ...,xm) in Mr such that 
xi — for some intertwining operator X : Tn ^ Ti-, and such that 

/ o \ 1/2 



So) 



\\xi\\ > max < 1 - eo, 1 - 



This gives l/||a;i|| < 1/(1 - eo) and 

M 



\\h^'\\\ 



1=2 

For any word u in F+, 

WiSuXi^h'i^ 



EII..IP = l-lkllp<^g^, 



< 



M 



< 



Y^[SuX^^hY>]s 
1=1 

[Si^^'^x^h^l 

M 

J2{SuX^^hi% 
i=2 

' M \ 1/2 

\i=2 
' M 

Ell- 



1 < J < 9 > ■ 



1 < J < 9- 



M 

J2[SuX^<»h\''>]s 
i=2 
M 

J2iSuX^^h[% 

i=2 



M \ 1/2 

,0)||2 1 



Eii'^l 



1/2 



M 



1/2 



< 



\j:=2 
eo 

117^'^'' I 



/ M \ 1/2 

Eii'4''in 



where we have used the fact that x and /i^''^ belong to orthogonal 5^^^ -invariant 
subspaces, which implies that || [S'i^''x (g) /i*'"''']5|| = 0. Multiplying this inequality 
by l/||a;i|| = l/||S'„xi|| then gives 

||[5«(xi/||xi||)®y|| <eo/(l-eo) 



0)||2 
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for 1 < j < q. In the same way we get 

\\hj(g) Su{xi/\\xi\\)]\\ <eo/(l-eo) 
for 1 < j < q. Hence we can take y — and Y = □ 

.,hq in A4, p > 1, and e > 0, there exists a unit vector z 



Lemma 4.9. Given hi, 
in M such that 

\\[SuiZ Su2z]s 



< e 



for all ui and U2 in Ff^, and such that \\[S.a,z ® hj\s\\ < e and \\[hj ® S'wjzJsH < e 
for all w e F+ and 1 < j < q. 

Proof. By Lemma l48l there exists a unit vector y in M such that y — Y£^0 for 
some intertwining operator Y : Tn ~^ Ti-, and such that for any word w in F+, 
\\[Swy ® hj]s\\ < e and \\[hj S'^yJsH < e foi 1 < j < q. By Lemma [TBI there 
exists a word v in F+ such that \\[SuiSvy (g) Su2Svy]s — 4>{[^ui ^ C«2]-C„)ll < ^ for 
any words ui and U2 in FJ^. Then \\[SwSvy (8) hj]s\\ = ||[S'm«y (8) hj]s\\ < e and 
II [hj (g) SwSyy]s\\ = II [hj (g) Swvy]s\\ < e, so we can take z = S^y. □ 

Lemma 4.10. Given a weak*- continuous linear functional tt on S, hi,...,hq in 
A4, and e > 0, there are vectors x and y in M such that 

(1) h~[x®y]s\\ < e, 

(2) ||x|| <(l + e)||7r||V2 anrf ||y|| < (1 + e)||^||i/2, 

(3) II [a; <S) hj]s\\ < e and \\[hj » y]s\\ < e for 1 < j < q. 

Proof. By scaHng tt and e if necessary, we can assume that ||7r|| = 1. Choose eo > 
such that 2eo + Scq < e/2 and 4eo + 4eQ < e + e^/2. Since £„ has property Ai(l), 
there are vectors ^ and r] in JF„ such that (g) 7]]c„ — <f>~'^{'^), with ||^|| < 1 + eo 
and II77II < 1 + eo- 

Since ^0 is cychc for £„, there is p >1 and C and D in the span of {L„ : u G W^} 
such that ||C^0 - ^|| < eo and ||-D^0 - 77II < eo. Then 

\\C^0\\ < ||Ce0-ell + lieil <l + 2eo, 

e2/2, and similarly, \\D^0\\^ < 1 + e + Also, 

I [(e -Ci0)® T^]c^ II + II [{C^0 - C) ® (r/ - D^0)]c„ II + 
||K®(ry-i?e0)]/:JI 

Iic-ce0iihii + iie-ce0iih-i?e0ii + 



so ||Ce0|P < l + e^ 

Ik - [^^0 ® i?C0]£, 



< 



< 



< 



2eo + 3e2 



< e/2. 

Set A = $(C) and B = ^{D). If we expand C and D as 
C = ^ c„L„ and ^ = X! '^"^f 



then 



A = ^ CtiS'u and = X/ 



uSF^ 
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Choose ei > such that 

ei ^ \cu\ < e, X! ^ ^' '^1 X! X! V^'^A < 

uGF^ uGF^ uGFS f SF^ 

By Lemma l4!9t there exists a unit vector z m M such that 

\\[SuZ ® S^z]s - (l){[£.u® £.v]cj\\ < ei 

for any words u and v in , and such that || [SuZi^hj]s\\ < ei and || [/ij^SuzJ^H < ei 
for any word u in and 1 < j < (?• Then 

II [Az ® - (/-([C^^ ® £'C0]£JII 

c„di,([S'„z (g) S.vz]s - (f>i[Su^0 (8) 5'„^0]£„)) 

liGFS i>eFS 

< ei ^ ^ |c„di,| 

< e/2. 

Hence from above, 

\\7T-[Az<E>Bz]s\\ < \\iT-mC^c,'E>D^^]cJ\\ + \mC^0<»D^0]cJ-[Az(g>Bz]s\\ < e. 
By a similar estimation, 

\\[Az<g>Az]s-<l>{[C^0'E>C^^]cJ\\<ei ^ ^ |c„c^| < e + eV2. 

Evaluation of these functional at the identity then implies 

e + eV2> Pzf -||C^0||2> IIAzf -(l + e + eV2), 

and hence that IjA^H < 1 + e. In the same way we get ||i?z|| < 1 + e. 
Finally, 

\\[Az®hj]s\\ = II ^ c„[S'„2;«)/ij]5|| 

weFf, 

tiGFP 

< e, 



and in the same way we get 

\\[hj (g) Bz]s\\ < ei XI 

uGFf, 

Hence we can take x — Az and y = Bz. □ 



< e. 
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Theorem 4.11. Given a weak*- continuous linear functional n on S and e > 0, 
there are vectors x and y in Ti such that tt = [x ® y]s, \\x\\ < (1 + e)||7r|| ^Z'^, and 
\\y\\ < (1 + e)||7r||"'^/^. In other words, S has property Ai(l). 

Proof. By scaling tt if necessary, we can assume that ||7r|| = 1. Choose a > such 
that (1 + a)/(l — a) < 1 + e. Note that a*^ ^ as fc ^ oo. We claim that for 
k > 1, we can find Xk and yk in M such that 

(1) h - [xk (E> yk]s\\ < 

(2) llxfcll < (1 + a)(l + a + ... + a''-^) and \\yk\\ < (1 + a){l + a + ... + a''-^), 

(3) ||xfc-a;fe_i|| < (l + a)a'=-i and \\yk-yk-i\\ < (l + a)a'^-i for fc > 2. 
Setting xq = and yo — 0, Lemma 14.101 easily implies this is true for fc = 1. 
Proceeding by induction, suppose that we have found Xk and yk satisfying these 
conditions. Choose eo > such that eo < a and eo < a^^'^^^V^- By Lemma r4.10[ 
there are x' and y' in M such that 

(1) Ik - [xk (E> yk]s - W (8) y']s\\ < eo, 

(2) llx'll < (l + eo)lk- [xfc(g)yfe]5||^/^ and 
\\y'\\ < il + eo)\\7T~[xk(E>yk]s\\'^\ 

(3) WW ^yk]s\\ < eo and \\[xk^y']s\\ < eo- 
Set Xk+i = Xk + x' , and yk+i = yk + y' ■ Then 

\\t^ - [xk+i ® yk+i]s\\ ^ \\t^ - [{xk + x') ® {yk + y')]s\\ 

< Ik - [xk «) yk]s - W 8) y']s\\ + \\[xk y']s\\ + 
\\W®yk]s\\ 

< 3eo 

< a2(/c+i)^ 

Also, 

Ik'll < (1 + eo)|k - [xk ® yfelsir^^ < (1 + 

which gives 

llxfc+ill - \\xk+x'\\ < \\xk\\ + \\x'\\ < {l + a){l+a + ... + a'') 

and 

Ikfc+l -2;fe|| = Ik'll < (l + a)Q^^ 
Symmetrically, |kfe+i|| < (1 + a){l +a + ... + a'') and |kfc+i - yk\\ < (1 + a)a'' , 
which estabhshes the claim. 
Now for I > fc, 

\\xi-Xk\\ < ll-T; - a;/_i|| + ... + Ikfc+i - Xfcll 

< (1 + a)(Q;'"^ + ... + 

< a^-\l + a)/{l-a), 
so the sequence (xk) is Cauchy. Let x — limfcXfe. Then 

||x-|| = lim llxfell < lim(l + a){l + a + ... + a''-^) = (1 + a)/(l - a) < 1 + e. 

k k 

Similarly, the sequence {yk} is Cauchy. Letting y — limfe yk be its hmit, |k|| < 1 + e. 
Finally, we have 

Ik - [x®y]s\\ = lim Ik - [xk ® yk]s\\ < lima^*^ = 0, 

so TT — [x y]s. □ 
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Theorem 4.12. Every type L free semigroup algebra has a wandering vector. 

Proof. Let 5 be a type L free semigroup algebra, and let Sq denote the weak- 
operator-closed ideal generated by Si, S'„. Since S is type L, So is proper, and in 
particular doesn't contain the identity. Let ttq denote the weak-operator continuous 
linear functional which annihilates Sq and satisfies 7r(/) = 1. 

Since S has property Ai(l), there are vectors x and y in H such that Tro{A) — 
{Ax,y) for all A in S. This implies {SwX,y) — for all w £ F+\{0}, so y is 
orthogonal to the subspace iSo[a;]. However, (x, y) = 7r(/) — 1, soy is not orthogonal 
to the subspace S[x]. Hence S[x] Q So[x] is nonempty. 

Let z be a unit vector in S[x] Sq[x]. Then the subspace So[z] is contained in 
the subspace So[x], and in particular, is orthogonal to z. Hence {S^z, z) — for all 
w E F+\{0}. Let u and v be distinct words in F+ such that |u| < |f |. Then S*Sv is 
in So, so {SuZ, Syz) = {z, S*Svz) = 0. By symmetry, it follows that {SuZ, Syz) = 
for every pair of distinct words u and u in F+. Thus z is a wandering vector for 
S. □ 

Corollary 4.13. A free semigroup algebra is either a von Neumann algebra, or it 
contains a wandering vector. 

Proof. Let 5 be a free semigroup algebra. By the general structure theorem for 
free semigroup algebras [lOj, S is either a von Neumann algebra, or it has a type L 
part. In the latter case, by Theorem 14.121 S has a wandering vector. □ 

By Theorem 4.1 of [H], every free semigroup algebra which has a wandering 
vector is reflexive. Thus we have established the following result. 

Corollary 4.14. Every free semigroup algebra is reflexive. 

Theorem 4.2 of [flj shows that every type L free semigroup algebra which has 
a wandering vector is hyper-reflexive with hyper-reflexivity constant at most 55. 
This gives the following result, which we will reflne in section O 

Corollary 4.15. Every type L free semigroup algebra is hyper-reflexive with hyper- 
reflexivity constant at most 55. 

5. Hyper-reflexivity and the Factorization of Linear Functionals 

In this section we will show that the predual of every type L free semigroup 
algebra with n > 2 generators satisfles a very strong factorization property. By a 
result of Bercovici [4], we will obtain as a consequence that every such algebra is 
hyper-reflexive with hyper-reflexivity constant at most 3. 

Definition 5.1. A weak*-closed subspace S of S(7i) is said to have property Xo.i 
if given a weak*-continuous linear functional tt on 5 with ||7r|| < 1, hi, hq in Ti., 
and e > 0, there are vectors x and y in such that 

(1) IItt- [a;(g)2/]5|| < e, 

(2) ||x|| < 1 and llyll < 1, 

(3) II [a: (g) hj]s\\ < e and \\[hj (?) y]s\\ < e for 1 < j < q. 

Bercovici [4] showed that any weak*-closed algebra whose commutant contains 
two isometries with pairwise orthogonal ranges has property Ab,i, and showed that 
any weak*-closed algebra with propety Xo,i is hyper-reflexive with hyper-reflexivity 
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constant at most 3. For n > 2, this includes £„. We will show that every type L 
free semigroup algebra with n > 2 generators has property Xq^i. 

We require the following result which is implied by Lemma 1.2 in [14]. 

Lemma 5.2. Given an isometry V in Tin, vectors vi, Vq in Tn, and e > 0, there 
exists m such that \\{V*y^rij\\ < e for 1 < j < q. 

For the remainder of this section we fix a type L free semigroup algebra S with 
71 > 2 generators acting on a Hilbert space H, and we let Z denote the weak* 
closure of 5 + 5*. Let $ denote the canonical map from £„ to S. By Theorem 13. 6| 
we can extend $ to a map from the set Tr of i?-Toeplitz operators to Z, and this 
extension is a complete isometry and a weak*-to-weak* homeomorphism. 

For X and y in H, we will need to take care to distinguish between the weak- 
operator-continuous vector functional [a;(8'2/]5 defined on S, and the weak-operator- 
continuous vector functional [x (8) y]z defined on Z. 

The following lemma is a variation of an argument of Bercovici [4]. It was kindly 
provided by Ken Davidson. 

Lemma 5.3. Given isometrics U and V in TZn with orthogonal ranges, vectors ^ 
and V in JF„ with v in the kernel of U* , and e > 0, define 

Then liuik (8) rik]TR\\ =0. 

Proof. Let denote the Hardy-Hilbert space with orthonormal basis {e^ : fc > 0}. 
For k>0, define Y : ^ Tn hy Yck = U^V£, and Z : H'^ ^ Tnhy Zck = U^v 
for A: > 0. Note that Y and Z are isometrics. For T in Tr, by Lemma [331 we can 
factor T as T = A*J5, for A and J5 in £„. Then 

{Y*TZej,ei) = {A* BW ly^U'V^) 

= {A*V*{U*yWBi^,0 
jo ifi<j 

where c^-j = {A* Biy,U'-^V^) = {Ti^,U'-^V^). This implies that Y*TZ is an 
analytic Toeplitz operator with symbol /, for some / in H°°. Note that ||/||oo = 
\\Y*TZ\\ < \\T\\. Hence 



|(T,[:/®77fe]rJ| = 
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where Hi'fclli denotes the L^-norm of the Dirichlet kernel. Using the well-known 
fact that ||i?A:|| 1 grows logarithmically as A: — > oo gives Um/c || [i' ® '7fe]rR || = 0. □ 

Lemma 5.4. Given vectors /ii, in H and e > 0, there exists an intertwining 

operator Y : Tn — > 'H such that || 5^^011 — 1 and \\[Y^0 hi]z\\ < e for 1 <i < q. 

Proof. For 1 let Hi : Tn 7i be an intertwining operator such that 

\\iiii^es — hi\\ < e/2. Since S is type L, by Theorem 14.121 there is an isometric 
intertwining operator X : Tn H. Then each H*X is an L-Toeplitz operator, so 
by Lemma [3^ we can write H*X — A*Bi, for some Ai and Bi in TZn such that Ai 
and Bi are bounded below. Let d — i?ii2Bi, and let D = X^iLi ^1*2^1- Then D is 
bounded below and H*X = C*D. Using inner-outer factorization, write D = UF 
for U and F in where U is inner and F is outer. Then F is bounded below 
since D is, and hence is invertible. 

By LemmaEJl there exists m such that \\{U*)"'C^£,e!\\ < e/(8||i^||) for 1 < i < g. 
Write Ci^0 = Vi + coi, where \\uji\\ < e/(8||F||), and is in the kernel of (t/*)™. 
Set V = and W = U"'R2. Then V and W are isometrics in 7^„ with 

pairwise orthogonal ranges. Note that Vi is in the kernel of V*. For A: > 1, define 
intertwining operators Yfe : JF„ H by 

k 

Yk = XF-^ / = V f/™-ii?iF^ VF, 

and define 

Note that 77^ is a unit vector. 

Using the fact that V = DF-^U"'-^Ri, we compute 

1 ^ 

H*Yk = H*XF-^^^=y^U'"'-^RiVm 

fe 



VF- 
fe+i 



1=1 



Then for T in Tr, 

, fe+i 

Hence |l[-H"i^0 (8) 5^feC0]2|l = ||[CjC0 ® ?7fe+i]rHl|- By Lemma [Qj we can choose r 
sufficiently large that (g) ?7.r+i]rji|| < e/(8|li^|l). This gives 

||[Q^0 «'?7r+i]THl| < ||[;^j«"?r+i]r„|| + ||[wj(8)r7r+i]rHli 

< \\h ® Vr+ihnWl + ||a;,||||r?^+i|| 

< e/mF\\). 
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Thus \\[H,£,0 ®Yk^e>]z\\ < e/(4||F||) for 1 < i < g. 
Now, 



\\YrU\' = \\xF-'^l=y2u"'-'Riy'w^^\ 



which implies 



(r + l)||FP' 

1 



\\Yr^0\\ > 



211^11 ■ 

Setting Y = Yr/\\Yr^0\\, it follows that 

\\[H,^0(^Y^<,]z\\ - —}—\\[H,^^(^Yp^<,]z\\ 
\\'^pt.0\\ 

< 2\\F\\\\[H,(0(g>YkUz\\ 

< e/2. 

Thus 

\\[hj^0(^Y^0]z\\ < \m,-H,^0)(g>Y^<,]z\\ + \\[H,^0(^Y^0]z\ 

< \\h, - H.^^WWY^^W + \\[H,^0 ^ Y^0]z\\ 

< e. 



□ 



Lemma 5.5. Given vectors hi, ...,hq inTi, p > 1, and e > 0, there exists a unit 
vector z in H such that 

\\[SmZ (E) Su2z]s - 0([Cui ®^u2]cj\\ < e 

for all ui and U2 in Ffj, and such that \\ [S^z ®hi]s\\ < e and \\[hi(^ Swz]s\\ < e for 
all w e F+ and I < i < q. 



Proof. By Lemma [531 there is an intertwining operator Y : Tn ^ Ti. such that 
II^C^II = 1 and ||[i^C0 ® hi\z\\ < e iov \ < i < q. By Lemma [TBI there is a word v 
in F+ such that \\[SuivYi0 ® Su2vY £,0]s - 4>{[£.ui®iu2]c^)\\ < e for all words mi and 
U2 in ¥P. Set z = SyY^0. 
For T in Z and w e F+, 

\iT,[S^,z®hj]z)\ = \iTSr„[z®hj]z)\ 

< \\TS^\\\\[z<»h,]z\\ 

< \\T\\\\[z<g>hj]z\\. 

Hence || [^^^(gjfti]^:!! < || [z(g)/ii]2|| < e and similarly, || [/ii<E'S'«,z]z|| < || [^i^^^lzH < £• 
In particular, restricting to S gives || [S^z (8i hi]s\\ < e and || [hi (g) S'^zJ^H < e. □ 

Lemma [HH is essentially a strengthened version of Lemma [4!9l in the sense that 
the hi^s in the hypothesis can be completely arbitrary. 

Lemma 5.6. Given a weak*-continuous linear functional tt on S, /ii, ...,hq in H, 
and e > 0, there are vectors x and y inTi. such that 
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(1) IItt- [x^y]s\\ < e, 

(2) ||x|| <(l + e)||7r||i/2 anrf llyll < (l + e)||7r||i/2, 

(3) II [a; hj]s\\ < e and \\[hj y]s\\ < e for 1 < j < q. 

Proof. The proof follows exactly as in the proof of Lemma 4.11, using Lemma [5^51 
in place of Lemma 4.10. □ 

Lemma [52] clearly impHes the desired result. 

Theorem 5.7. Every type L free semigroup algebra with n > 2 generators has 
property Xq i. 

Corollary 5.8. Every type L free semigroup algebra with n > 2 generators is 
hyper-reflexive with hyper-reflexivity constant at most 3. 

Remark 5.9. We note here that the results in Section[5]can be proved independently 
of Section!!! Let 5 be a type L free semigroup algebra. By Lemma [2?T| for some to, 
the ampliation 5^™^ has a wandering vector. By the results in this section, 5^™^ has 
property Xq^i- By Theorem 3.8 of [5j, it follows that S has property X(^m-i/m),i, 
which by [4j implies that S is hyper-reflexive, and in particular is reflexive. It 
follows that S has a wandering vector, and we can apply the results of Section!!! to 
obtain that S has property Aq^i. 

6. Concluding Remarks 

In [To], Davidson, Katsoulis, and Pitts posed the following four questions about 
free semigroup algebras. 

(1) Can a free semigroup algebra be a von Neumann algebra? 

(2) Does every type L free semigroup algebra have a wandering vector? 

(3) Is every free semigroup algebra reflexive, or even hyper-reflexive? 

(4) Is the restriction of a type L free semigroup algebra to an invariant subspace 
also of type L? 

In [2Tj (see also [9J), Read answered (1) in the affirmative by showing that B(7i) 
is a free semigroup algebra. Theorem 14.121 gives an afHrmative answer to (2), and 
Corollary 14.141 gives an affirmative answer to the first part of (3) . Corollary 14.151 
partially answers the second part of (3) in the affirmative, as we now explain. 

Recall that by the general structure theorem for free semigroup algebras [lOj . 
every free semigroup algebra decomposes into 2x2 block-lower-triangular form, 
where the left column is a slice of a von Neumann algebra, and the bottom right 
entry is a type L free semigroup algebra. By Corollary 14.151 we know that the 
type L part is hyper-reflexive. The difficulty in proving the hyper-reflexivity of the 
entire algebra comes down to the fact that it is an open question whether every 
von Neumann algebra is hyper-reflexive. 

For n = 1, (4) has a negative answer, as the following example from [10] shows. 

Example 6.1. Let U denote the bilateral shift, i.e. the operator of multiplication 
by z on L^(T,/i), where /i is Lebesgue measure. Let l[o,7r] and l[^_2ir] denote the 
characteristic function for the intervals [0, tt] and [tt, 27r] respectively, and deflne 
measures and /i2 by /ii — 1[o.t]M a-nd fi2 — l[ir.27r]A'- Let Ui and U2 be the 
operators of multiplication by z on L^(T, /zi) and L^(T, ^2) respectively. Since the 
support of /ii and /i2 are proper measurable subsets of the circle, by [22], the weak- 
operator-closed algebras generated by Ui and U2 are self-adjoint. On the other 
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hand, Ui © U2 is unitarily equivalent to the bilateral shift U, so the weak-operator- 
closed algebra it generates is isomorphic to the analytic Toeplitz algebra. 

For n > 2, the answer to (4) is unknown, but it is related to the notion of 
absolute continuity, which we now discuss. 

The non- commutative analytic disk algebra An is the norm-closed (non-self- 
adjoint) algebra generated by Li, L„. Popescu [19] showed that the norm-closed 
algebra generated by any row isometry of size n is completely isometrically isomor- 
phic to An- 

Definition 6.2. Let cr be a *-extendible representation of An on a Hilbert space Ti.. 
These are precisely the representations with the property that [cr(S'i) • • • cr(5„)] 
is a row isometry. We say that a is absolutely continuous if, for every x in H, the 
linear functional on An given by 

A^{a{A)x,x), AeAn 

extends to a weak*-continuous linear functional on £„. 

If a representation a is type L, i.e. if c7(Li), a{Ln) generate a type L free semi- 
group algebra, then the fact that every type L free semigroup algebra is completely 
isometrically isomorphic and weak*-to-weak* homeomorphic to £„ immediately im- 
plies that cr is absolutely continuous. In |Tl], Davidson, Li, and Pitts conjectured 
that for n > 2, the converse of this holds. In other words, they conjectured that 
for n > 2, every absolutely continuous representation of An is actually of type L. 

For n—1, this is not true. Indeed, it's clear from Definition 16.21 that a represen- 
tation which is a direct summand of an absolutely continuous representation is also 
absolutely continuous. It follows that Ui and U2 from Example 16.11 correspond to 
absolutely continuous representations. However, the weak-operator-closed algebras 
generated by Ui and U2 are self-adjoint, and in particular are not of type L. 

A proof of the conjecture would therefore provide an interesting example of a 
result in the non-commutative setting which has no commutative counterpart. On 
the other hand, it would be even more interesting if this conjecture was false, as we 
now explain. 

It was shown in [l^ that for 71 > 2, if cr is an absolutely continuous representation 
of An , then the infinite ampliation cr(°°) is a representation of type L. In this case, 
the weak*-closed algebra generated by cr(Li), ...,cr(L„) is algebraically isomorphic 
to £„, and so is non-self-adjoint, while the weak-operator-closed algebra generated 
by (j{Li), ...,a{Ln) is self-adjoint. This is not completely implausible, as Loebl 
and Muhly |15j have demonstrated the existence of weak*-closed non-self-adjoint 
algebras of analytic type whose weak closure is self-adjoint. 

Our results seem to provide some evidence that this conjecture is true. Davidson, 
Li, and Pitts [TT] showed that if an absolutely continuous representation of An has 
a wandering vector, then it is type L. On the other hand, we know by Theorem l4.12l 
that if a representation of An is type L, then it has a wandering vector. Therefore, 
the truth of the conjecture is equivalent to the existence of a wandering vector for 
every absolutely continuous representation. 

For n > 2, suppose that a is an absolutely continuous representation oi An- One 
would like to use the methods in the present paper to find a wandering vector for cr. 
Unfortunately, we no longer know that some finite ampliation of cr is type L, which 
means we can't make use of Theorem 12.11 However, most of our approximation 
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techniques do still work in this setting, so it seems plausible that some modifica- 
tion of our methods which avoids the dependence on Theorem 12.11 could yield a 
wandering vector for a. 

Acknowledgement. The author is grateful to Ken Davidson for his advice and sup- 
port. 
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